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Smart structure technology has become a key technology in the
design of modern, so-called intelligent, civil, mechanical and aero-
space structures. Similar to human beings, these intelligent or
smart systems are capable to react to disturbances exerted upon
them by the environment they are operating in. For reviews, see
Crawley (1994), Tani et al. (1998) and for future challenges and
opportunities, see Liu et al. (2005a). Practical applications of smart
structures are, e.g. in the ﬁelds of active structural vibration control
(Alkhatib and Golnaraghi, 2003) as well as active noise control
(Gopinathan et al., 2001; Irschik et al., 2003).
The design of the smart structure is a highly multi-disciplinary
task, which involves the modeling of the structure, the interroga-
tion and communication of the structure with a controller by
means of suitable sensing and actuation, the integration of the
smart system in the structure and the implementation of the sys-
tem. One key aspect for a successful design is the communication
between structure and controller, the so-called control–structure
interaction (Gabbert and Tzou, 2001). Sensors and actuators arell rights reserved.
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icheskaya ul. 29, 195251 St.responsible for the functioning of this communication. Sensors
provide information about the state the structure is in; this infor-
mation has to be interpreted and properly processed by the con-
troller to provide the actuator with information about what to
do. For a discussion of strategic issues in the sensor design, see
Liu et al. (2005b), and for frontiers in sensors/sensor systems, see
Glaser et al. (2005). In typical continuous systems a crucial point
is the spatial distribution of sensors to obtain proper information
as well as to perform distributed control of continua (Gabbert
and Tzou, 2001). Finding these distributions for geometrically non-
linear problems is the main topic of the present paper.
In particular, we consider continuously distributed (or simply
continuous) strain-type sensors. Those produce a signal that repre-
sents a weighted integral over the strain a body is suffering, in con-
trast to discrete strain-type sensors, whose signal is a sum of local
strain values. In the geometrically linear regime continuous sen-
sors are well studied: e.g. Lee and Moon (1990) introduced the con-
cept of shaping the electrode pattern of a piezoelectric layer to
measure a speciﬁc modal amplitude of a vibrating plate; the latter
sensors are denoted as modal sensors. With respect to the applica-
tion of modal sensors a vast amount of literature exists; we men-
tion only Tzou and Hollkamp (1994) and Sun and Tong (2001).
Besides using continuous strain-type sensors as modal sensors
other types have been reported in the literature; e.g. nilpotent sen-
sors (Miu, 1992; Irschik et al., 1999a) or displacement sensors
(Irschik et al., 1999b).
A detailed discussion on the possible use of continuous strain-
type sensors to measure a large variety of different structural enti-
ties was presented by Krommer and Irschik (2007); however, the
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mer and Irschik (2007) was restricted to linear problems only. In
the present paper we extend this method to the geometrically non-
linear regime. Although there is a large amount of literature avail-
able discussing structural problems with embedded strain-type
sensors and actuators in the geometrically nonlinear regime (Tyli-
kowski and Frischmuth, 2003; Cheng et al., 2005), no effort has yet
been undertaken to study the effect of geometrical nonlinearities
upon the design of strain-type sensors, rather than the effect on
the sensor signal of a pre-designed sensor itself. In the present pa-
per, we present a ﬁrst account for the design of continuous strain-
type sensors in a geometrically nonlinear regime; in particular, we
seek, in extension to the linear case, to measure structural entities
of a small motion superposed upon a ﬁnite pre-deformation.
In Section 2 the proposed sensor design is discussed within a
fully three-dimensional setting. In Section 2.1 the linear case for
measuring a particular kinematic entity is summarized. It is shown
that the distribution of the sensor coincides with a static stress dis-
tribution in an auxiliary problem with an applied force loading, to
which the particular kinematic entity to be measured is the work
conjugate. In Section 2.2 we introduce the sensor signal for the
geometrically nonlinear problem as a spatially weighted integral
over the Green–Lagrangian strain tensor; based on this deﬁnition
of a continuous strain-type sensor, we study sensing in the vicinity
of a pre-deformed conﬁguration in Section 2.3. It turns out that the
sensor distribution can again be computed from an auxiliary static
problem; yet, forces have to be applied in the pre-deformed conﬁg-
uration resulting into a static Cauchy stress distribution, which de-
pends on the pre-deformation. The sensor distribution is then
found by transforming this static stress distribution to the unde-
formed conﬁguration. In Section 3 the method is applied to nonlin-
ear rod structures. We present results for the sensor design in the
vicinity of a statically pre-deformed spatial rod conﬁguration ﬁrst,
and then proceed with dynamic problems. In the latter dynamic
case we also discuss the design of adaptive sensors, for which
the distribution is changed in time in order to account for time-
dependent rod conﬁgurations.
2. Continuous strain-type sensors: three-dimensional
formulation
2.1. The geometrically linear case
We consider a three-dimensional solid body with the ﬁeld of
inﬁnitesimal displacements uðrÞ; r is the position vector of a mate-
rial point in the undeformed conﬁguration. Let V be the unde-
formed volume of the body, r 2 V . The strain tensor is e ¼ ruS,
and the stress tensor is denoted as s; r is the invariant differential
operator, and a superscript S stands for the symmetric part of a
tensor.
The local signal of a continuous strain-type sensor within the
body is proportional to the components of the local strain: ss   e;
the components of the tensor ss are weights assigned to each com-
ponent of the strain tensor. The overall signal Y of a continuously
distributed sensor is the integral over the local sensors, and de-
pends on the strain ﬁeld within the material body:
Y½eðrÞ ¼
Z
V
ssðrÞ   eðrÞdV ¼
Z
V
ssðrÞ  ruðrÞSdV : ð1Þ
The volume of the body is supposed to be identical to the volume of
the sensor, i.e. the strain value is assumed to be available for each
point of the body.
A comprehensive study on the design of such strain-type sen-
sors in the geometrically linear case has been presented by Krom-
mer and Irschik (2007). Here we just review the solution for one
speciﬁc problem; suppose we are interested in measuringu½uðrÞ ¼ e  uðrÞ – the displacement of the point r in the direc-
tion e. The weights of the continuous sensor ssðrÞ should be chosen
such that the equality
Y½ruS ¼ u½u ð2Þ
holds for any kinematically admissible u.
To ﬁnd the spatial weights, an auxiliary problem with a ﬁcti-
tious static loading, the work conjugate of which is the measured
entity, is solved. We consider the body V with a set of homoge-
neous kinematic boundary conditions, which do not allow for a
rigid body motion. The kinematic boundary conditions must be
chosen such that the original displacement ﬁeld uðrÞ is kinemati-
cally admissible for the auxiliary problem. A unit force f ¼ 1e is
applied in the point r such that its work on a displacement ﬁeld
u equals the measured entity e  uðrÞ; there is no traction force
applied at the boundary @V . For the auxiliary problem we compute
a statically admissible stress ﬁeld sf ; then ssðrÞ  sf .
To prove that this choice for ss results in (2) we apply the virtual
work principle (see e.g. Eliseev, 1999; Malvern, 1969). In the posi-
tion of static equilibrium:Z
V
ðf  duþ dAðiÞÞdV ¼ 0; dAðiÞ ¼ sf  rduS ð3Þ
for any kinematically admissible duðrÞ. Here, the assumption on
geometric linearity is important: the expression of the virtual work
of the internal forces dAðiÞ in general would include the differential
operator in the deformed conﬁguration, which is identical tor only
in the linear case.
Substituting the actual displacements ﬁeld u instead of du in
(3), we prove the equality of the signal to the kinematic entity
we are seeking to measure:
Y½e ¼
Z
V
ss   edV ¼
Z
V
sf  ruS dV ¼
Z
V
f  udV ¼ u: ð4Þ
This chain of reasoning with the principle of virtual work
remains valid for a broad class of continuous structures: rods,
shells, etc. The loading f in the auxiliary problem must have as a
work conjugate the measured kinematic entity in terms of virtual
work (see Krommer and Irschik, 2007). Instead of one ﬁeld ss ¼ sf
several sensing functions according to the force factors can appear
(e.g. in-plane stresses and bending moments for shells). Possible
singularities in the solution of the auxiliary problem with a con-
centrated force can be avoided, if the measured displacement is
averaged over some small part of the body, resulting in a problem
with distributed forces. Kinematic entities on the boundary can be
measured as well, by accounting for additional static tractions
applied in the auxiliary problem.
2.2. Continuous strain-type sensors in a geometrically nonlinear
setting
As long as the deformations are small, the sensor signal is deter-
minedby (1). Theextensionof this formula toﬁnitedeformations re-
quires the concepts of the nonlinear geometry of deformation.
Consider a material body with the position vector r of the points in
the referenceconﬁguration,whichoccupies thevolumeV

; the corre-
sponding differential operator isr . In this usually undeformed con-
ﬁguration the sensors produce no signal. In some pre-deformed
conﬁguration with the volume V the new position vector is
R ¼ RðrÞ; F ¼ r RT ; r ¼ FT  r ; E ¼ 1
2
ðFT  F IÞ: ð5Þ
The deformation gradient tensor F relates the differential operator
in the pre-deformed conﬁguration r to the original one r , E is
the Green–Lagrangian strain tensor, and I is the identity tensor.
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nents of the tensorial quantities. If a set of three material coordi-
nates qi is chosen such that r ¼ rðqiÞ, then three basis vectors can
be introduced as ri ¼ @r=@qi. In the deformed conﬁguration the
corresponding basis vectors are Ri. The covariant components of
the strain tensor are
Eij ¼ ri  E  rj ¼ 12 ðRi  Rj  ri  rjÞ; ð6Þ
Those components are known to be related to the extensions of the
material ﬁbers and the angle changes between them (Lurie, 2005);
the expression in brackets is equal to the change of the components
of the metric tensor from the undeformed to the deformed conﬁg-
uration. The effect of choosing other Lagrangian strain tensors
(e.g. Biot or logarithmic) would be of higher order of smallness
and therefore insigniﬁcant for engineering structures, where local
stretches are always small in a normal working regime – whereas
large overall deformations and rotations are not excluded. In anal-
ogy to the linear case, the signal of a continuous strain-type sensor
is assumed to be proportional to the extensions and angle changes
in each point. It is reasonable to assume that we are measuring
Y½EðrÞ ¼
Z
V
 S
ji
s ðrÞEijðrÞdV

¼
Z
V
 SsðrÞ   EðrÞdV

; ð7Þ
summation over the repeated indices is implied. The contravariant
components Sjis are the weights assigned to the corresponding local
strains, and the tensor ﬁeld SsðrÞ ¼ Sjis rjri does not directly depend
on the deformation. In the geometrically linear case this is equiva-
lent to (1).
An alternative energy related interpretation of a strain-type
sensor in geometrically nonlinear problems would be as follows.
Together with the actual structure we consider the continuous sen-
sor as a ﬁctitious background body with some pre-stress SsðrÞ:
The background body deforms together with the structure and has
the same strain E; in contrast, we assume the background body not
to affect the material body, because we do not consider actuation in
the present work. If the pre-stress Ss is understood as a second
Piola–Kirchhoff stress tensor, then the virtual work of the sensor
per unit volume in the undeformed conﬁguration is dAðSÞ ¼
Ss   dE. Hence, the signal of the continuous sensor Y equals the po-
tential energy of the background body. Moreover, if the pre-stress Ss
is constant in time, then we once again arrive at (7). This interpreta-
tion appears to be convenient for the extension of using strain-type
sensors for active control of ﬂexible structures in the geometrically
nonlinear regime, as modern trends in control theory are closely
related to the ﬂow of energy between structure, sensors, actuators
and controller; see e.g. Kugi (2001) and Ortega et al. (2001).
2.3. Sensor design in the vicinity of a pre-deformed state
For ﬁnite deformations a sensor with a given distribution SsðrÞ
cannot produce a signal, which is proportional to a given kinematic
entity. Consider, e.g. pure bending of a clamped beam with a mo-
ment at the free end. The curvature of the beam changes with
the moment linearly, and so do the local strain components in
the ﬁbers of the beam; hence, the measured signal will always re-
main proportional to the loading. However, the vertical tip dis-
placement depends on the moment even non-monotonously; e.g.
it turns back to zero as the beam is bent into a circle. A possible
solution is to develop sensors, which are designed for measure-
ments in the vicinity of a known pre-deformed state.
Consider a small additional deformation; the actual position
vector is Ru ¼ Rþ u. The pre-deformed conﬁguration RðrÞ isknown, and some component of the displacement u is to be mea-
sured. The new value of the signal (7) corresponds to the new
strain tensor Eu, linearized with respect to u (Eliseev, 1999; Bonet
and Wood, 1997):
Yu ¼ Y½Eu; Eu ¼ Eþ FT  e  F; e ¼ ruS; ð8Þ
in which the small strain tensor e relative to the pre-deformed con-
ﬁguration appears. Transforming the expression of Yu and introduc-
ing the volumetric coefﬁcient J ¼ det F, we arrive at an integral over
the deformed volume:
Yu  Y ¼
Z
V
ss   edV ; ss ¼ J1F  Ss  FT : ð9Þ
The left-hand side here is a signal relative to the known signal level
Y½E in the pre-deformed conﬁguration; the form of the integral is
identical to (1). Therefore, the modiﬁed sensing functions ss can
be determined applying the procedure, presented in Section 2.1,
to the known pre-deformed shape of the body. The ﬁeld of stresses
ss should balance the loading f in the auxiliary problem:
r  ss þ f ¼ 0: ð10Þ
The work conjugate of the loading f is again the measured kine-
matic entity u – the displacement relative to the pre-deformed
conﬁguration. Integrating the inner product of (10) with a ﬁeld of
displacements u over the volume we arrive atZ
V
ðr  ss  uþ f  uÞdV ¼ 0;
Z
V
f  udV ¼ u½u: ð11Þ
The transformation to (9) follows with the Gauss theorem on
divergence:
u ¼ 
Z
V
r  ss  udV ¼
Z
V
ðr  ðss  uÞ þ ss  ruTÞdV
¼ 
Z
@V
n  ss  udSþ
Z
V
ss   edV ¼ Yu  Y: ð12Þ
The integral over the boundary @V is zero:
@V ¼ @V1 [ @V2; u ¼ 0 at @V1; n  ss ¼ 0 at @V2 ð13Þ
there is no traction force on the free surface in the auxiliary
problem.
The distribution of the sensor weights in the undeformed con-
ﬁguration follows from (9):
Ss ¼ JF1  ss  FT ; ð14Þ
which is identical to the transformation between the Cauchy stress
tensor and the second Piola–Kirchhoff stress tensor.
Another more formal way to the same result would be to di-
rectly consider the variation of the signal (7) for the sensing func-
tion Ss satisfying the balance conditions (10) and (13) through (14).
After the transformations we conclude that
dY ¼
Z
V
f  dRdV with r ðSs  FTÞ þ Jf ¼ 0: ð15Þ
The three main steps for the sensor design are:
Step 1. The pre-deformed conﬁguration RðrÞ is determined as a
solution of a geometrically nonlinear problem.
Step 2. The auxiliary problem of statics for this pre-deformed
conﬁguration is solved in a linear setting, producing ss.
Step 3. The actual sensing functions for the undeformed conﬁgu-
ration Ss are computed from (14).
The presented mathematical manipulations were carried out in
the invariant form. If the geometrically nonlinear problem for pre-
deformation and the linear auxiliary problem are solved with the
same set of material coordinates qi (practically speaking, the same
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computation can be implemented in a rather straightforward man-
ner. The components of the strain tensor (6) are additive functions
with respect to deformation: the variations dEij ¼ ðRi  dRjÞS do not
contain information on the metrics ri  rj in the undeformed state.
Therefore, the relation between the components of the solution of
the auxiliary problem ss and the actual sensing functions S
ij is
simple:
dY ¼
Z
V
sjis dEij dV ¼
Z
V
 S
ji
s dEij d V

) Sjis ¼ Jsjis ; ð16Þ
the same could be deduced from (14). Provided that the appropriate
coordinates are chosen, the third step of the algorithm consists of
simple multiplication of the components of the Cauchy stress ten-
sor, obtained as a solution to the auxiliary problem, with the volu-
metric coefﬁcient J.
The practical application of this technique to real three-dimen-
sional bodies is doubtful due to the following reasons:
 massive three-dimensional constructions do seldom display sig-
niﬁcant geometrically nonlinear behavior in normal working
regimes;
 implementing a continuous sensor capable of measuring all
components of the strain tensor is a nontrivial task.
However, this is not the case for thin-walled structures, such as
rods or shells.3. Sensing in rod structures
3.1. Nonlinear theory of rods with no shear
Our approach for sensing in the vicinity of a pre-deformed
conﬁguration can be easily applied to rods: the corresponding
strain measures are additive quantities, and the sensing functions
for the auxiliary problem need not be recomputed to the unde-
formed conﬁguration. In this Section the basic ideas of the theory
of rods as material lines (Antman, 1972; Eliseev, 1999) are
presented.
We consider a one-dimensional Cosserat continuum: each par-
ticle is a rigid body with six degrees of freedom. The position vector
of the particles rðsÞ is a function of the Lagrangian coordinate s.
Three basis vectors eiðsÞ are associated with each particle to specify
its orientation. In the undeformed conﬁguration we have r0ðsÞ and
ei0ðsÞ, and here s is the arc coordinate: r00  r00 ¼ 1. The curvature and
twist of the rod are deﬁned by the vector X:
e0k ¼ X	 ek; X ¼
1
2
ek 	 e0k ¼ Xkek: ð17Þ
The rotation tensor P and the deformation vector j are introduced:
P ¼ eke0k; P0 ¼ j	 P; j ¼ X P X0: ð18Þ
The components of the vector j ¼ jkek are equal to the change of
the components of the twist and curvature vector X due to defor-
mation: jk ¼ Xk X0k; the components Xk and X0k are considered
in the deformed ek and undeformed e0k bases, respectively. As it
was noted at the beginning of this Section, the strain measures jk
are additive with respect to deformation.
For thin rods the classical model of Kirchhoff with no extension
and no shear effects is often applicable. However, efﬁcient numer-
ical modeling demands the extension of the rod to be uncon-
strained. Therefore, a model with extension, but constrained
shear is advantageous. In this model the tangent vector to the
rod axis r0ðsÞ rotates together with the corresponding particle:
r0ðsÞ ¼ ð1þ eÞP  e30 ¼ ð1þ eÞe3; ð19Þthe third direction is now tangent to the axis, e30 ¼ r00ðsÞ; e is the
deformation of extension, j3 is the deformation of twist, and ja –
of bending ða ¼ 1;2Þ.
The particle with the coordinate sþ 0 acts on the neighbouring
particle s 0 with the moment MðsÞ and the force QðsÞ. The prin-
ciple of virtual work for the one-dimensional continuum of parti-
cles with six degrees of freedom leads to the known equations of
balance of the force factors (Antman, 1972; Eliseev, 1999)
Q 0 þ q ¼ 0; M0 þ r 	 Q þm ¼ 0; ð20Þ
q and m being the external forces and moments acting on the par-
ticles. The elastic relations are written in terms of the function of
the strain energy per unit length
P1 ¼ P1ðjk; eÞ; M ¼ @P1
@jk
ek; Q3 ¼
@P1
@e
: ð21Þ
The transversal shear force Q? ¼ Qaea is determined from the con-
straint Eq. (19). In the simplest case the strain energy is a quadratic
form with no coupling,
P1 ¼ 12 aijjijj þ
1
2
be2; M ¼ a  j ¼ aijjiej; Q3 ¼ be: ð22Þ
The stiffnesses aij can be taken from the linear model of the rod. The
deformation of extension is often of no actual interest, and the term
1
2be
2 in the strain energy can be considered as a penalty function.
3.2. Sensor design for spatial deformations of rod structures
In this section we are seeking to design continuous sensors,
which are capable of measuring kinematic entities in the course
of spatial deformations of rods. The following assumptions apply:
 the rod is equipped with sensors with arbitrary distribution;
 three strain values are available in each cross-section, which can
be recomputed to ji by means of a linear transformation;
 the deformation of extension e is negligible.
Then the sensor signal is
Y½ji ¼
Z L
0
Msiji ds ¼
Z L
0
MsiðXi X0iÞds: ð23Þ
The choice of the three sensing functions MsiðsÞ includes two steps:
ﬁrst, the nonlinear problem is solved and the pre-deformed state is
determined; second, the linear auxiliary problem in the vicinity of
the pre-deformed state is solved. According to the discussion of
Eq. (16), there is no need to recompute the sensing functions to
the undeformed state in this case: the same material coordinate
q1  s is used all the time, and there is no difference between inte-
gration over the deformed and the undeformed conﬁgurations, as
the deformation of extension e is negligible.
Instead of the volumetric formulation, discussed in Section 2, in
(23) we deal with an integral over the one-dimensional continuum.
However, the presented above conclusions for the linear analysis
are based on the principle of virtual work, which is certainly appli-
cable for rod structures. Validity of the analysis in the vicinity of a
pre-deformed state, discussed in Section 2.3 for general three-
dimensional bodies, can also be proven mathematically with the
equations of the classical theory of inextensible rods.
The approach is easier to explain by applying it to a sample
problem. The considered rod structure is presented in Fig. 1. A
quarter of a circular rod is clamped and bent with an out-of-plane
tip force F; the length of the rod is L ¼ p=2, and the cross-section is
a circle with the radius 0:01; for the sake of readability the Interna-
tional System of Units (SI) is understood in the following.
In the position of static equilibrium the total energy of the sys-
tem P is minimal,
Fx
y
z
Fig. 1. Spatial bending: curved rod (thick) and deformed states (thin).
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Z L
0
P1 ds; P
ðextÞ ¼ FrzðLÞ:
ð24Þ
Numerical minimization is usually performed by means of the Ritz
method: we approximate the rod axis rðsÞ and the orientation of
particles eiðsÞ as a combination of N shape functions with the coef-
ﬁcients qk, k ¼ 1; . . . ;N. A special technique is used such that the
constraint (19) holds for any q: the particles can rotate only around
the axis of the rod (Eliseev and Vetyukov, 2008). The strain mea-
sures ji and e are then functions of q and s. We integrate (22) over
the length of the rod and compute the total energy P as a function
of the generalized coordinates. Then the equilibrium path can be
determined from computing the minimum of PðqÞ for each value
of F.
The computations were performed by using the commercially
available software package Mathematica.2 A global Ritz approxima-
tion of the shape of the rod is chosen for this sample problem instead
of full-scale ﬁnite element modeling to reduce the computational ef-
fort. Several computed equilibrium positions are shown in Fig. 1 as
thin lines.
We consider some certain force value F0 and the corresponding
actual equilibrium conﬁguration q0. Suppose that we are interested
in measuring the x and z coordinates of the tip, when the conﬁgu-
ration of the rod is near q0. To design the sensors the linear auxil-
iary problem must be solved. For q ¼ q0 þ q^ with q^ being a small
deviation, we linearize the original strain measures
ji ¼ ji0 þ j^i þ    ; e ¼ e0 þ e^þ    ; ð25Þ
j^i and e^ are linear with respect to q^. In order to formulate the linear
auxiliary problem we consider now the actual conﬁguration q0 as
undeformed. The new deformations take place relative to this con-
ﬁguration, and the quadratic strain energy is 2 bP1 ¼ aijj^ij^j þ be^2.
Although s is not exactly the arc coordinate in the actual conﬁgura-
tion q0, this effect is negligible since e0 is small. Integrating bP1 over
the length, we get a quadratic form of the strain energy bPðdef Þ. It
would have been incorrect simply to extract the quadratic terms
from (24): the dependence of the strain measures ji on the general-
ized coordinates q is nonlinear, and the stiffness of the original sys-
tem near the pre-deformed state differs from the stiffness in the
auxiliary problem.
To measure the tip displacement in the x direction we solve the
auxiliary problem with the unit force acting on the tip in the x
direction. In the numerical procedure we minimize the quadratic
function,
q^ðxÞ ¼ argminð bPðdef Þ  x^ðLÞÞ: ð26Þ2 Wolfram Research, http://www.wolfram.com.With the solution of this linear problem we compute the sensing
functions as the moments, which correspond to the unit loading,
the work conjugate of which is the measured displacement:
MðxÞsi ðsÞ ¼ Mi ¼ aijj^jjq^¼q^ðxÞ : ð27Þ
Analogously we compute the sensing functions MðzÞsi ðsÞ, which mea-
sure the z displacement of the tip. The corresponding signals Y ðxÞ
and Y ðzÞ (23) are recomputed to the measured tip coordinates as
x ¼ x0 þ Y ðxÞ  Y ðxÞ0 ; z ¼ z0 þ Y ðzÞ  Y ðzÞ0 : ð28Þ
Here x0; z0 and Y
ðx;zÞ
0 are the tip coordinates and the signals in the
pre-deformed state; hence, we estimate the displacement as the
increment of the signal Y  Y0.
3.3. Numerical results for spatial rod deformation
The sensors are tested on the exact solution of the sample prob-
lem: the actual tip coordinates xðLÞ and zðLÞ on the equilibrium
path with varying F (thicker lines in Fig. 2) are compared with
the values x and z, which are measured for the corresponding
solution. Two sensor designs were applied:
 in the vicinity of the undeformed state (fully linear formulation)
in order to estimate the inﬂuence of the geometric nonlinearity
on the measurement error – dashed thin lines,
 in the vicinity of the pre-deformed state with the force F0
(according to the approach presented above) – solid thin lines.
One can see that the x coordinate is measured incorrectly with
the linear sensor: the x displacement appears as a pure geometri-
cally nonlinear effect; using the sensor designed for the pre-de-
formed state improves the situation. For the z coordinate the
situation is less dramatic, but one can see that the linear sensor
and the one for the pre-deformed conﬁguration have different do-
mains of applicability.
The numerical modeling of the sample problem and the design
of the sensors were accomplished by virtue of the same Ritz
approximation with N ¼ 20 shape functions and unknown coefﬁ-
cients. In practical applications we can expect that the accuracy
of the solution of the auxiliary problem plays an important role
on the overall precision of measurements. On the contrary, for
the solution of the nonlinear problem of pre-deformation it is suf-
ﬁcient to remain in the vicinity of the actual state. Therefore, for
the broad class of statically determinate problems a simpliﬁed ap-
proach can be suggested. The pre-deformed conﬁguration is found
with some approximate method, and the distribution of moments
in the solution of the auxiliary problem can be computed simply
from the equilibrium conditions (20). This strategy will be utilized
in the following dynamical example. However, for complicated
statically indeterminate structures the presented procedure of der-
ivation of the quadratic strain energy bP for the auxiliary problem
is necessary. Finite element discretization can be more efﬁcient
than the global Ritz approximation used in the presented sample
problem.
3.4. Finite in-plane oscillations of a cantilever
Dynamical modeling of rod structures is especially simple for
in-plane problems: the conﬁguration of a rod with no shear is fully
determined by the planar curve of its axis. Another simpliﬁcation is
that there is only one sensing function MsðsÞ in this case, which
corresponds to the single component of the bending moment.
We consider bending of a cantilever beam with a time-varying
tip force, Fig. 3. The length of the beam is L ¼ 1, the radius of the
circular cross-section is 0.005, and the material properties
linear
actual nonlinear
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0.95
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x(L)
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F
0.2
0.4
0.6
0.8
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Fig. 2. Measured and actual tip coordinates for the equilibrium path.
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y
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L
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t
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F
Fig. 3. Plane bending: cantilever (a) and time-varying force (b).
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interval 0 6 t 6 t1 ¼ 0:1 and then remains at the constant level
Fmax ¼ 200.
Rod ﬁnite elements were implemented in Mathematica with
independent third-order approximation of the functions xðsÞ
and yðsÞ over the element: nodal degrees of freedom are then
the positions rðsÞ and the derivatives r0ðsÞ, which guarantees
smoothness of the axis of the rod. The simulation results are ob-
tained from a model with four ﬁnite elements (overall 20 de-
grees of freedom, 3 of which are constrained due to clamping
at the left end).
The modeled dynamical behavior of the rod is presented in
Fig. 4. Both, the x and y coordinates of the tip display oscillatory
behavior in time (solid line) near the quasistatic solution, which
corresponds to the current value of the force FðtÞ (dashed line).
The static deﬂection due to the force Fmax, computed with the sim-Fig. 5. Evolution of the
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t
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0.95
1.00
x(L)
0
0
0
0
0
0
Fig. 4. Tip coordinates in dynamic (solidple formula of the linear beam theory, is shown with the dotted
line above the plot of the y coordinate to show the effect of the geo-
metric nonlinearity.
3.5. Adaptive sensing in dynamics
Suppose that we know the loading history and the correspond-
ing quasistatic solution for each time instance. Our goal is to devel-
op a sensor which would measure the deformation of the beam
during the dynamical process. Three different sensor designs can
be applied:
 based on the fully linear formulation (initial state sensor);
 based on the quasistatic solution for F ¼ Fmax (ﬁnal state sensor);
 based on the quasistatic solution for the actual force value FðtÞ
(adaptive sensor).sensing functions.
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t
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) and quasistatic (dashed) solutions.
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Fig. 6. Measurement errors of the tip coordinates for the three sensor designs.
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Fig. 7. Measurement errors of the coordinates of the middle of the beam.
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computed from (28), whereas the reference values x0; y0 depend on
the chosen reference pre-deformed conﬁguration. Each of the two
signals is deﬁned by its own single sensing function:
Y ðxÞ½j ¼
Z L
0
MðxÞs jds; Y
ðyÞ½j ¼
Z L
0
MðyÞs jds; ð29Þ
the curvature j can easily be computed for known xðsÞ and yðsÞ.
As it was mentioned previously, in this statically determinate
problem the sensing functions can be found from the balance
equations. If the reference solution of the quasistatic problem is
xrðsÞ; yrðsÞ (initial conﬁguration, ﬁnal or intermediate for the adap-
tive sensor), then we just have to compute the moments resulting
from unit forces fx ¼ 1 or fy ¼ 1 at the tip of the rod:
MðxÞs ðsÞ ¼ fxðyrðLÞ þ yrðsÞÞ; MðyÞs ðsÞ ¼ fyðxrðLÞ  xrðsÞÞ: ð30Þ
In Fig. 5 the evolution of the sensing functions is shown with three
reference quasistatic conﬁgurations varying in time;MðxÞs is identical
to zero for the initial conﬁguration.
Applying the developed sensors to the computed dynamical
behavior of the rod, we can plot the measurement errors
eðxÞ ¼ x  xðLÞ and eðyÞ ¼ y  yðLÞ as functions of time, see Fig. 6.
Two errors are plotted for eðxÞ: the initial state sensor does not work
in this case. The ﬁnal state sensor becomes identical to the adap-
tive one at t > t1, which shows the best overall behavior.
With the same procedure sensors for the measurement of the
coordinates of the middle point of the beam were developed; sens-
ing functions are then equal to zero as s > L=2. Resulting errors of
measurement with the three designs of the sensor are plotted in
Fig. 7.
4. Conclusions
A new approach for the design of continuously distributed
strain-type sensors for the measurement of kinematic entities in
structures undergoing ﬁnite deformations is discussed in the pa-
per. The actual state is supposed to remain in the vicinity of a
known reference pre-deformed conﬁguration. In the case of con-
stant or slowly varying large forces, acting on the system, thispre-deformed conﬁguration can be the solution of a nonlinear
problem of statics, and the distribution of the sensors can be
dynamically updated in time to achieve the best behavior.
The presented method can be used to study the kinematical
characteristics of the deformation of a structure. In combination
with the use of so-called nilpotent sensors (Miu, 1992; Irschik
et al., 1999a), which produce a zero signal as long as the deforma-
tion of the structure remains in the linear range and no kinematical
constraints are violated, the method can be applied for the purpose
of health monitoring: appearance of local buckling or plastic zones
in the structure can be detected. Analyzing the signal of several nil-
potent sensors, one can even conclude on the region of the struc-
ture, in which the defect is developing.
Some possible issues were not addressed in the text of the pres-
ent paper and may be studied in the future.
 The recomputation of surface strains in the material of the cross-
section to the rod strain measures is a nontrivial task: relations
between ji and the three-dimensional deformed state can be
obtained with a reliable rod theory, which results from the
asymptotic analysis of a three-dimensional problem of elasticity
(see Yeliseyev and Orlov, 1999). Moreover, the distribution of
sensors within the cross-section should also be optimized in
the framework of such an analysis.
 The deformation of extension is supposed to be fully negligible
both for the kinematics of the rod as well as for the sensor signal.
However, together with shear deformations it can also affect the
functioning of the strain-type sensors. This inﬂuence should be
estimated.
 While the idealized formulation with continuously distributed
sensors may work perfectly, discrete sensor distributions lead
to different results. Placement of sensors over the length of the
beam and their weights may be optimized according to many
different criteria. For a linear setting the problem was already
studied in Krommer et al. (2009); an analysis of the nonlinear
formulation is yet missing.
 Changing the sensing function in time has some contradiction
with the argumentation for the formula (7), which is connected
to the potential energy of the background body. Indeed, for
3320 M. Krommer, Yu. Vetyukov / International Journal of Solids and Structures 46 (2009) 3313–3320piezoelectric sensors some additional procedures are needed to
correctly obtain the signal of a sensor with a distribution
depending on time.
The presented method may also be applied to other structures;
e.g. shell structures undergoing ﬁnite deformations. Yet, modern
formulations of the theory of shells and efﬁcient simulation strat-
egies must be utilized.
The results of the present research can be used in combination
with feed-back methods for the control of ﬁnite deformations. For
the problem of damping vibrations the developed sensors can pro-
duce the feed-back signal for the controller, which then would pro-
vide the input signal for distributed actuators. Nonetheless, it
remains to study the proper design of the latter actuators for geo-
metrically nonlinear problems in some future work.
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